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Abstract: The paper concerns the application of the fibre bundle approach to the description of
the magnetic structures and their symmetry groups. Hence the explicit formulas describing both
the variety of magnetic structures and their symmetry groups have been derived. The assumption
was made that the bundle sections correspond to magnetizations of the separate crystal planes
multiplied by a certain Gaussian factor defined in R3, the last factor making the problem continuous
and more physical.
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1 Introduction
To describe the symmetry of the magnetic structures as well as of all other aperiodic
structures one needs to formulate the corresponding symmetry groups whose action on
these structures leaves them invariant. Several attempts in this respect have been under-
taken, e.g. spin groups [1–3], generalized color groups [4–6]. The extension of the spin
groups to the description of quasicrystals is presented in [7].
Let us ﬁrst recall a few deﬁnitions since the ﬁbre bundle approach will be applied
here to the description of the symmetry of magnetic structures. The ﬁbre bundles and
their topological structures present a kind of a generalization of the Cartesian product of
two spaces with arbitrary dimensions. Moreover this approach resembles to some extent
∗ E-mail:warcz@us.edu.pl
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the wreath groups concept introduced by Litvin [8–10], because a wreath group acts in a
similar way as a structural group of the ﬁbre bundle (see below).
A ﬁbre bundle consists of [11]:
(1) E — total space,
(2) M — base manifold,
(3) E — ﬁbre,
(4) G — a structural group which acts in the standard ﬁbre E,
(5) projection π : E → M .
The system (E, π,M,G) is called a ﬁbre bundle if the following relations are satisﬁed:
(1) for each open subset Uα of M there exists a diﬀeomorphism ϕα such that:
ϕα : π
−1(Uα)  Uα ×Ex,
where Ex is an isomorphic space with the ﬁber E,
(2) for two subsets Uα, Uβ ⊂ M such that Uα ∩ Uβ = ∅ there exists a diﬀeomorphism
ϕαβ ≡ ϕα ◦ ϕ−1β such that:
ϕαβ : (Uα ∩ Uβ)×Ex → (Uα ∩ Uβ)× Ex
and ϕαβ has the form:
ϕαβ(x, e) = (x, gαβ(x) · e)
where gαβ is a map from Uα ∩ Uβ to G, and e ∈ Ex.
(3) E is isomorphic to ﬁbre Ex for all x.
We say that the map s : M → E is a section of E if: π◦s = id. On a ﬁbre bundle there
exists a structure called a connection which allows us to compare elements belonging to
diﬀerent ﬁbres. The connection A is deﬁned as an operator acting on sections:
Ds = As, (1)
where D is a covariant derivative. Using coordinates the Eq. (1) can be rewritten as
follows:
Disa = Aiabsb,
where sa form a basis in Ex. A is a 1-form which assumes values in the algebra g of the
structural group G. Two sections s(x) and s˜(y) are connected by the operator T (y, x) in
the following way:
s˜(y) = T (y, x)s(x), (2)
where x, y are connected by the curve γ : [0, 1] → M such that x = γ(0), y = γ(1).
The operator T is expressed by the connection A as follows:
T (y, x) = P exp
(∫ y
x
A
)
. (3)
The aim of this paper is an attempt to apply the ﬁber bundle formalism to the
description of the magnetic structures and their symmetry groups.
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2 Magnetic structures
To describe the symmetry of a magnetic structure in terms of the ﬁbre bundles one needs
a 6-dimensional space E6. This space is a vector bundle and is represented locally as a
Cartesian product of R3 and a certain vector space V3 which is spanned by the orthogonal
vectors ê1, ê2, ê3. The vector space V3 is the ﬁbre of E6. Note that the crystal structure
itself can be fully described in R3 whereas the spin structure can be fully described in V3.
A magnetic structure in V3 is represented by a pair (M,p) where M is a kind of
magnetization vector in V3 and p is a point in R
3 of the attaching of the vector M on a
given crystal plane. Thus M represents the resulting magnetic moment of this plane. The
position vector of the point p has coordinates: (0, 0, na/l), where: n = 0,±1,±2,±3, ...,
l is the distance between the magnetic lattice planes and a is a certain scaling factor.
The vector M after a certain modiﬁcation (see below), can be interpreted as a section
of the vector bundle E6. This section should have a special form because in the physical
system the magnetic moments are localized on the magnetic atoms and vanish outside
these atoms in the ideal crystal. The types of these sections are given below for a variety
of magnetic structures:
(1) Ferromagnetic structure (f):
Mf=M ê1, (4)
(2) Antiferromagnetic structure (a):
Ma=(−1)n M ê1, (5)
(3) Simple spiral (s):
Ms=M cos (nφ) ê1 + M sin (nφ) ê2, (6)
where φ is the spiral angle,
(4) Ferromagnetic spiral (fs):
Mfs=M cos (nφ) ê1 + M sin (nφ) ê2 + M sinψê3, (7)
where ψ is the angle between the vector M and the plane (ê1, ê2),
(5) Skew spiral (ss) :
Mss = M
[
cos2 (nφ) + sin2 (nφ) cos θ
]
cos (nφ) ê1 +
M
[
cos2 (nφ) + sin2 (nφ) cos θ
]
sin (nφ) ê2 +
2M sin (nφ) sin
θ
2
√
cos2
θ
2
+ sin2
θ
2
cos2 (nφ)ê3, (8)
where θ is the angle between the plane (ê1, ê2) and the plane of the spiral; in other
words θ is the skew angle and θ < π/2.
Let us consider the spin waves as the frozen waves in the crystal. Therefore, regard-
less of whether we deal with the commensurate or incommensurate spin waves one can
represent these waves as follows:
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6. Transverse spin wave (t):
Mt=f (n)M ê1, (9)
where f (n) is the periodic function with the period equal to the spin wavelength. Note
that if the latter period is commensurate with the crystal periodicity one can say that
the spin wave is commensurate, and vice versa the incommensurability of f (n) points to
the incommensurability of the spin wave. Therefore if n numerates the crystal planes,
then f (n) represents the values of this function on these planes. The above remarks
apply also to the longitudinal spin waves:
7. Longitudinal spin wave (l):
Ml=f (n)M ê3. (10)
Note that the general formula concerning all the three spirals mentioned above, i.e.
items 3., 4. and 5., can be expressed as follows:
MA (φ, θ, ψ) = M
[
cos2 (nφ) + sin2 (nφ) cos θ
]
cos (nφ) ê1+
M
[
cos2 (nφ) + sin2 (nφ) cos θ
]
sin (nφ) ê2+
M
(
2 sin (nφ) sin
θ
2
√
cos2
θ
2
+ sin2
θ
2
cos2 (nφ) + sinψ
)
ê3, (11)
where A = s, fs, ss. Thus the three angles φ, θ, ψ describe in an unambiguous manner
all the three spirals, namely s corresponds to 0 < φ < π, θ = 0 , ψ = 0, fs corresponds
to 0 < φ < π, θ = 0 , ψ < π/2 and ss corresponds to 0 < φ < π, θ < π/2, ψ = 0.
To enable us to use the ﬁbre bundles approach one has to assure that these sections
(vectors M) be continuous. Let us modify ﬁrst a magnetic momentum si of the i-th
magnetic atom in the following way:
s (r) = si exp
[
−(r− ri)
2
ξ2
]
, (12)
where ri is the coordinate of the i-th magnetic atom, ξ is the characteristic scale of the
atomic sizes. Such a situation seems to be more physical, because, as a matter of fact, a
magnetic moment presents a ﬁeld which is signiﬁcant only close to the crystal positions
of the magnetic atoms and decreases outside very quickly. The vector M itself presents
a vector sum of the atomic magnetic moments on a crystal plane. Therefore according
to the central theorem of the theory of probability (the Lyapunov theorem) the formula
analogous to Eq. (12) is valid for the vector M:
Mm (r) = Mm exp
[
−(r− rl)
2
d2
]
, (13)
where rl is the coordinate of the l-th crystal plane, d is a distance between the neigh-
bour crystal planes. The index m corresponds to the appropriate structures from points
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1–7: m = f, a, s, fs, ss, t, l. The exponential factor here guarantees that the section M is
continuous and has a small value outside the crystal plane.
It is well known that every arbitrary vector bundle on R3 is trivial. Therefore the
bundle under consideration is also trivial. It means that there exists a global section of
this bundle, which in our case corresponds to the vector M. According to formulas (4–8)
the length of vector M is constant for a given magnetic structure. Thus in this case
the ﬁbers become spheres with the radii equal to the corresponding values of vector M,
whereas the bundles become spherical. Triviality here means that sections do not vanish.
A total magnetic symmetry group can then be deﬁned as a group which leaves Mm (r)
invariant. This group consists of two factors: Gm, which is deﬁned below, and GΛ, which
presents the symmetry group of the crystalline structure.
A magnetic symmetry group Gm is deﬁned here by the invariance of the above vectors
Mm with respect to some elements of the Euclidean group e (3) of V3.
Thus the magnetic group Gm is deﬁned for the above structures by the condition:
Gm = {g ∈ e (3) |g ·Mm = Mm} , (14)
where the dot (·) denotes the action of g on Mm:
g ·Mm = AMm + t, (15)
g = (A, t) . (16)
A is a rotation matrix and t is a translation vector and is taken as the modulo lattice
vector.
Let us determine the explicit forms of the symmetry groups for the above seven
magnetic structures.
1. The magnetic group Gf for the ferromagnetic structure. This group has to conserve
Mf=M ê1:
g ·Mf = AMf + t. (17)
Thus:
Aê1 = ê1, (18)
t = 0. (19)
From these conditions it follows that the matrix A has the form:
A =
⎛
⎜
⎜
⎜
⎜
⎝
1 0 0
0 a b
0 c d
⎞
⎟
⎟
⎟
⎟
⎠
(20)
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where ad− bc = 1. This magnetic group in the space V3 has the form:
Gf =
⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩
⎛
⎜
⎜
⎜
⎜
⎝
⎛
⎜
⎜
⎜
⎜
⎝
1 0 0
0 a b
0 c d
⎞
⎟
⎟
⎟
⎟
⎠
, 0
⎞
⎟
⎟
⎟
⎟
⎠
and ad− bc = 1
⎫
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎭
. (21)
The total magnetic group ̂Gf in the space E6 is the tensor product of Gf and the space
group GΛ of the crystal structure:
̂Gf = Gf ⊗GΛ. (22)
2. For the antiferromagnetic structure one can obtain:
Ga =
⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩
⎛
⎜
⎜
⎜
⎜
⎝
⎛
⎜
⎜
⎜
⎜
⎝
(−1)n 0 0
0 a b
0 c d
⎞
⎟
⎟
⎟
⎟
⎠
, 0
⎞
⎟
⎟
⎟
⎟
⎠
and ad− bc = 1
⎫
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎭
. (23)
The index n numerates the consecutive crystal lattice planes; to each such plane a corre-
sponding vector M is ascribed.
3. For the simple spiral the symmetry group Gs in V3 has to conserve:
g ·Ms = AMs + t. (24)
This condition leads to the group Gs:
Gs =
⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩
⎛
⎜
⎜
⎜
⎜
⎝
⎛
⎜
⎜
⎜
⎜
⎝
cosα − sinα 0
sinα cosα 0
0 0 1
⎞
⎟
⎟
⎟
⎟
⎠
, 0
⎞
⎟
⎟
⎟
⎟
⎠
and α = φ
⎫
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎭
. (25)
Thus:
̂Gs = Gs ⊗GΛ. (26)
4. In the case of the ferromagnetic spiral the symmetry group Gfs in V3 presents
a product of the corresponding symmetry matrices for both the simple spiral and the
ferromagnetic structure taking into account that this time the ferromagnetic component
points in the direction ê3:
Gfs =
⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩
⎛
⎜
⎜
⎜
⎜
⎝
⎛
⎜
⎜
⎜
⎜
⎝
a cosα + b sinα −a sinα + b cosα 0
c sinα + d sinα −c sinα + d cosα 0
0 0 1
⎞
⎟
⎟
⎟
⎟
⎠
, 0
⎞
⎟
⎟
⎟
⎟
⎠
and α = φ, ad− bc = 1
⎫
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎭
.
(27)
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Note that the value of ψ is related to the values of a, b, c, d. Thus
̂Gfs = Gfs ⊗GΛ. (28)
5. In the case of the skew spiral the symmetry group Gss in V3 presents a product of
the corresponding symmetry matrices for both the simple spiral and the rotation of this
simple spiral about the ê1 axis by the angle θ:
Gss =
⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩
⎛
⎜
⎜
⎜
⎜
⎝
⎛
⎜
⎜
⎜
⎜
⎝
cosα − sinα 0
sinα cos θ cosα cos θ − sin θ
sinα sin θ cosα sin θ cos θ
⎞
⎟
⎟
⎟
⎟
⎠
, 0
⎞
⎟
⎟
⎟
⎟
⎠
and α = φ
⎫
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎭
. (29)
̂Gss = Gss ⊗GΛ.
6. and 7. Spin waves:
Gt,l = {(0,h) , where h is the periodicity vector of the function f in 6 or 7} .
Thus:
̂Gt,l = Gt,l ⊗GΛ. (30)
Usually in the structures with a magnetic ordering an additional type of symmetry
operation can be introduced. This operation is represented by the time reversal operator r,
which changes the sign of either the magnetic moment or spin. The time reversal operator
here is represented by the Z2 group with two elements only: −1,+1. This operator then
acts as follows:
r ⊗GΛ = G′Λ = {(r, λ)},
where λ belongs to GΛ. In this description a general point in the four-dimensional space,
where G′Λ acts, is represented by x, y, z, s, and s is equal to either −1 or +1. In our
approach the time reversal operator is already included into the groups Gm, where m =
f, a, s, fs, ss, t, l, as one of their elements.
3 Discussion
Proposed in the present paper is a description of the magnetic structures in terms of ﬁbre
bundles. Such an approach turns out to be the most general, because it is based on the
most general product of two arbitrary spaces, namely the Cartesian product, which is
very suitable to the combination of two “worlds”, e.g. the “world of positions” (R3) and
the “world of spins” (V3). Thus the description of crystal structures is to be carried out
in R3, whereas the description of spin structures is to be carried out in V3. This approach
equates the symmetry analysis of magnetic structures with the method of the higher
dimensional embeddings of the modulated structures. The symmetry groups appearing
in the symmetry analysis become structural groups of the bundles. From the other side, a
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higher dimensional space needed for the description of a modulated structure makes here
the total space of the bundle. Thus these three methods, namely the symmetry analysis,
the higher dimensional embeddings and the ﬁbre bundles are equivalent. Note that the
Gaussian factor introduced here plays a double role: it makes the vector M a ﬁeld and
simultaneously makes the description of the magnetic structures more physical. The total
magnetic group ̂Gm in the space E6 is the tensor product of the magnetic group Gm and
the space group GΛ of the crystal structure, where m = f, a, s, fs, ss, t, l. It is worthwhile
to mention here that these diﬀerent magnetic structures have been found by the authors
to be related to the values of certain topological invariants [12]. It seems that the above
approach could serve also for the description of the symmetry groups of all the other
aperiodic structures, such as, e.g. the modulated nonmagnetic structures, quasicrystals
(nonmagnetic and magnetic) etc. The latter will be subject of a future publication.
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